We present a comprehensive study on the low-lying states of neutron-rich Er, Yb, Hf, and W isotopes across the N = 126 shell with a multi-reference covariant density functional theory. Beyond mean-field effects from shape mixing and symmetry restoration on the observables that are relevant for understanding quadrupole collectivity and underlying shell structure are investigated. The general features of low-lying states in closed-shell nuclei are retained in these four isotopes around N = 126, even though the shell gap is overall quenched by about 30% with the beyond mean-field effects. Besides, the results on neutron separation energies show a gradual quenching of the N = 126 shell gap with the decrease of proton number.
I. INTRODUCTION
The knowledge of neutron-rich nuclei far away from the β-stability line is essential to understand nucleosynthesis and the origin of heavy nuclei in the Universe. About half of the elements with mass number A 60 are produced within the rapid neutron-capture process (r-process) [1] [2] [3] . Under astrophysical environments with extreme neutron densities, neutron captures are much faster than β decays, and the r-process path runs through nuclei with large neutron excess. Along the path, presence of shell closure and large shell gap determines where the material accumulates. For example, the peaks around A = 80, 130, 195 in the r-process abundance are mainly attributed to the neutron N = 50, 82, 126 shell closures, respectively. Previous studies have shown that quenching of the N = 82 shell gap has a substantial influence on the predicted abundance [4, 5] , even though there is a controversial on whether or not it should be quenched [6] [7] [8] [9] . Experimental studies of the neutron-rich nuclei across the N = 126 shell are more challenging as the production of these nuclei from the reactions of nuclear fusion, fission, and fragmentation is very low. Therefore, knowledge on the N = 126 shell gap in neutron-rich nuclei relies heavily on nuclear model predictions.
Nuclear density functional theory (DFT) starting from a universal energy density functional with about a dozen parameters fitted to a set of nuclear properties provides currently the only microscopic tool to study neutron-rich nuclei across the N = 126 shell. The information on the N = 126 shell closure can be learnt either from nucleon separation energies or indicated from the systematics in low-energy spectroscopic quantities. The shell quenching in an even-even nucleus is usually accompanied by a moderate change in two-nucleon separation energies and an enhanced quadrupole collectivity with low excitation energies. On the mean-field level, the two-neutron separation energies in neutron-rich nuclei around N = 126 from the DFT calculation with different energy density functionals differ from each other by a factor of about two [10] [11] [12] [13] , which contributes to the uncertainty in the predicted r-process abundance. Besides, the mean-field approximation generally overestimates shell gaps around shell closure, the description of which can be improved with beyond mean-field dynamic correlation effects [14, 15] . Recently, the N = 126 shell gap in neutron-rich nuclei was examined on the beyond mean-field level using Gogny forces [15, 16] . It was shown that the N = 126 shell gap remains robust with the dynamic correlation effects. In particular, there was no clear evidence on the quenching of the N = 126 shell gap in neutron-rich nuclei.
Different from the non-relativistic energy density functionals where the spin-orbit interaction term is added with an additional free parameter, covariant DFTs take into account the spin-orbit interaction automatically by maintaining Lorentz covariance in the relativistic framework. This feature is particular important for understanding the evolution of shell structure in neutron-rich region [17, 18] . It motivates us to revisit the N = 126 shell gap with covariant DFTs, which have achieved a great success in many aspects of applications to nuclear physics [19] [20] [21] . Within this framework, the dynamic correlation energies associated with rotational motion and quadrupole shape vibrational motion for 575 eveneven nuclei with proton numbers ranging from Z = 8 to Z = 108 have been evaluated using either cranking approximation [22] or five-dimensional collective Hamiltonian [23] . It was shown that both the masses and twoneutron separation energies are significantly improved. A more accurate evaluation of the dynamic correlation energies requires more computationally expensive calculations using quantum-number projected generator coordinate method (GCM). With the recent extensions [24] [25] [26] , it is feasible to carry out such kind of study within the multi-reference covariant DFT. In order to shed light on the N = 126 shell gap, we are focused on the low-lying states of neutron-rich Er, Yb, Hf, and W isotopes with neutron numbers ranging between 122 N 138. We compare our results with the predictions by other models on either mean-field or beyond mean-field level.
The paper is arranged as follows. In Sec. II, a brief introduction to the theoretical framework is presented. This includes both the covariant DFT and its extension to multi-reference version with projection and GCM. The numerical details are given in Sec. III. Results are analyzed in Sec. IV. Finally, a summary and outline are provided in Sec. V.
II. THEORETICAL FRAMEWORK

A. Covariant density functional theory
Starting from a nonlinear point-coupling effective Lagrangian and taking mean-field approximation, one finds the energy of nuclear systems as a function of local densities and currents [27, 28] 
where ψ k (r) is a Dirac spinor for the single-nucleon wave function. The coupling constants α i , β i , γ i , and δ i are free parameters. j µ p is the current of protons and A µ represents the electromagnetic field. The four types of densities or currents: isoscalar-scalar (S), isovector-scalar (T S), isoscalar-vector (V ) and isovector-vector (T V ) are defined as
The summation in Eqs. (2a) -(2d) runs over all occupied states in the Fermi sea with nonzero occupation probability v 2 k , which is determined with the BCS approximation. The single-nucleon wave function ψ k (r) is determined by the following Dirac equation
where the scalar and vector potentials
contain nucleon isoscalar-scalar, isovector-scalar, isoscalar-vector and isovector-vector self-energies as follows
In order to generate a set of mean-field solutions with different intrinsic deformation, a quadratic constraint term on the mass quadrupole moment is added onto the energy in the variational calculation,
which generates a constrained potential term to Eq. (3). The C 2µ is a stiffness parameter and Q 2µ denotes the expectation value of the mass quadrupole moment operator
In Eq. (6), q 2µ is the quadrupole moment of the mean-field state to be constrained to. The deformation parameter β is related to the expectation values of the mass quadrupole moment operator by β = 4π 3AR 2 0 Q 20 2 + 2 Q 22 2 with R 0 = 1.2A 1/3 (fm), and A is the mass number.
B. Beyond mean-field approximation with generator coordinate method
The collective wave function of low-lying states is constructed as a linear combination of particle-number and angular-momentum projected mean-field wave functions
where the intrinsic shape of the mean-field wave function is restricted to have axial symmetry. The α labels different collective states for a given angular momentum J. TheP N ,P Z , andP J MK are projection operators onto good quantum numbers, i.e., neutron number N , proton number Z, and angular momentum J, respectively. The weight functions f J α (β) are determined by minimizing the energy of the collective state with respect to the weight function. This leads to the Hill-Wheeler-Griffin (HWG) equation [29] [30] [31] 
where the norm kernel N J (β, β ′ ) and the Hamiltonian kernel H J (β, β ′ ) are defined as
withÔ = 1 andÔ =Ĥ, respectively. The solution of the Eq. (9) provides the weight functions f J α (β) and the energy spectrum, as well as other information needed for calculating the electric multipole transition strengths. This framework is called multi-reference covariant density functional theory (MR-CDFT). More details on the framework could be found in Ref. [26] .
The electric quadrupole transition strength B(E2) from the initial state
with the reduced transition matrix element
whereQ 2M ≡ er 2 Y 2M is the electric quadrupole moment operator. Meanwhile, we can also calculate the spectroscopic quadrupole moment for each state
Since the B(E2) values and spectroscopic quadrupole moments Q spec (J π α ) are calculated in the full configuration space, there is no need to introduce effective charge, and e simply corresponds to bare value of the proton charge.
III. NUMERICAL DETAILS
Parity, time-reversal invariance and axial symmetry are assumed. The Dirac equation (3) is solved by expanding the Dirac spinor in terms of three-dimensional harmonic oscillator basis in Cartesian coordinate with 14 major shells which are found to be sufficient for the nuclei under consideration. The relativistic energy density functional PC-PK1 [28] is employed in the calculations. Pairing correlations between nucleons are treated with the BCS approximation using a density-independent δ force with a smooth cutoff factor [32] . The Gauss-Legendre quadrature is used for the integrals over the Euler angle θ in the calculations of the projected kernels. The number of mesh points in the interval θ ∈ [0, π] for the θ is chosen as N θ = 14. The number of mesh points for the gauge angles in the Fomenko's expansion [33] for the particle-number projection is N φ = 9. The Pfaffian method [34] has been implemented to calculate the norm overlap in the kernels.
IV. RESULTS AND DISCUSSIONS
A. Analysis of quadrupole collectivity Figure 1 displays the energy surfaces for the even-even neutron-rich Er, Yb, Hf, and W isotopes from both meanfield and beyond mean-field calculations. It shows evidently the development of quadrupole collectivity globally with the increase of neutron number from N = 126. The quadrupole deformation parameter β at each global energy minimum is displayed in Fig. 2 as a function of neutron number. Along each isotopic chain, the equilibrium quadrupole shape undergoes a transition from oblate shape to prolate one while across the neutron number N = 126 with spherical shape. The angularmomentum projection brings an additional energy to the weakly deformed configurations and thus changes somewhat the location of the energy minimum in the nuclei around N = 126. For those weakly deformed nuclei and the transitional nuclei, the concept of nuclear shape is ill-defined as a large shape mixing effect is expected there. After mixing differently-shaped configurations, one ends up with a more correlated wave function for nuclear ground state. The low-lying excited states associated with rotational and vibrational collective excitations are also obtained. The properties of these low-lying states are used to provide information on the underlying shell structure. Figure 3 displays the averaged deformation parameter β Jα for the first two 0 + and 2 + states, which is defined asβ
where the collective wave function g J α (β) is related to the mixing weight [31] 
The evolution trend in the averaged quadrupole deformations of the first 0 + and 2 + states presents a clear picture of smooth shape transition with the increase of neutron number away from N = 126. The second 0 + and 2 + states are more complicated, the averaged quadrupole deformations of which exhibit different behavior before and after N = 134. After checking the distribution of the collective wave functions (which are not shown here), we find that the second 0 + and 2 + states can be well approximated as two-phonon states of a spherical vibra-tor in the isotopes with N < 134. Beyond N = 134, this structure is progressively destroyed by the increasing quadrupole deformation. Figure 4 displays the excitation energy of 2 + 1 state, transition strength B(E2; 0 + 1 → 2 + 1 ), the ratio of excitation energies R 42 = E(4 + 1 )/E(2 + 1 ), spectroscopic quadrupole moment Q spec (2 + 1 ), and neutron-proton decoupling factor η as a function of neutron number. The neutron-proton decoupling factor is defined as [35, 36] 
where M n and M p are the quadrupole transition matrix elements of neutrons and protons from ground state to 2 + 1 state, respectively. A pronounced peak is found in the excitation energy of the 2 + 1 state at N = 126, which is consistent with the findings based on the Gogny force [16] , even though the value ∼ 2.5 MeV predicted in the present work is evidently smaller than their value ∼ 4.5 MeV. All the five observables indicate the weakly quadrupole collectivity for the nuclei around N = 126, which is consistent with the features of low-lying states in shell-closed nuclei. With the increase of neutron number, quadrupole collectivity is progressively developed with the predominate shape changing from spherical/weakly deformed one to prolate one when the neutron number is increased beyond N ∼ 134. The neutron-proton decoupling factor η has a minimum at N = 126. In other words, the quadrupole correlation contributed by neutrons is much weaker than that by protons, indicating the magicity of the neutron number N = 126. We use two-neutron separation energies S 2n of ground states and their differentials ∆S 2n (Z, N ) = E(Z, N − 2) + E(Z, N + 2) − 2E(Z, N ) as a signature and measure of the underlying shell structure. We perform a survey on the mass tables by different model calculations, including macroscopic-microscopic (MM) finiterange droplet model (FRDM) [37] , the Weizsäcker-Skyrme (WS) mass model WS4 [38] , the Duflo-Zuker (DZ) mass model DZ28 [39] , and non-relativistic energy density functional calculations with SV-min [40] , UN-EDF1 [41] , HFB-17 [42] , SLy4 [43] , D1S [44] , SkM ⋆ [45] , SkP [46] , and relativistic energy density functional calculations [12, 13, [47] [48] [49] [50] ) with DD-ME2 [51] , TMA [52] , DD-PC1 [53] , NL3 ⋆ [54] , DD-MEδ [55] , PC-PK1 [28] . Most of these mass tables are compiled in Ref. [56] . Figure 5 displays the predicted S 2n and ∆S 2n in Er isotopes as a function of neutron number across N = 82 and 126, in comparison with available data. The results for the nuclei around N = 82 provide a way to validate the prediction for those around N = 126. One can see from the figure that
• The discrepancy between the model predictions and available data for S 2n is generally within 0.5 MeV, except for the nuclei around the shell closure N = 82, which are not quantitatively reproduced by most of the energy density functional calculations on the mean-field level.
• The S 2n of the nuclei with neutron number N = 82 and N = 84 is generally overestimated or underestimated by all the energy density functionals. It brings an error up to ∼ 3 MeV into the predicted ∆S 2n , in particular by the Skyrme SLy4, Gogny D1S and all the considered relativistic energy density functionals except for TMA.
• For a given model, the feature exhibited around N = 126 is similar to that around N = 82.
• The results of PC-PK1 with and without taking into account static deformation effect are significantly different from each other, demonstrating the importance of the deformation effect in understanding shell structure.
The above analysis is extended to Yb, Hf, and W isotopes and a similar phenomenon to that found in Er isotopes is observed, i.e., a large uncertainty exists in the predicted S 2n and ∆S 2n by different models for the four isotopes around N = 126. The predicted ∆S 2n varies from −2.0 MeV to −8.0 MeV. Figure 6 displays the predicted ∆S 2N at N = 126 from different models as a function of proton number from Z = 60 to Z = 74. It is shown that the macroscopicmicroscopic models predict a somewhat increase in the ∆S 2n with the decrease of proton number. In contrast, the predicted ∆S 2n is quenching with the decrease of proton number by the non-relativistic Skyrme energy density functionals (except for the HFB17, SLy4, and SkM ⋆ ) and the relativistic ones (except for the DD-MEδ, DD-PC1, and TMA). The evolution trend by the TMA is obviously opposite to that by other relativistic functions. It might be due to its mass-number dependent coupling strengths. Moreover, we note that different from other relativistic energy functionals that are usually optimized to a bunch of spherical nuclei in different mass regions, the DD-PC1 was optimized locally to 64 axially deformed nuclei in the mass regions 150 ≤ A ≤ 180 and 230 ≤ A ≤ 250. The use of different fitting protocols may contribute partially to the divergence in the predictions. Subsequently, we examine the contribution of beyond mean-field dynamic correlation energies to the predicted two-neutron separation energies. The dynamic correlation energy can be decomposed into three parts: the energy E PNP Corr from particle-number projection, the energy E AMP Corr from angular-momentum projection and the energy E GCM Corr from shape mixing,
We take 202 W as an example to illustrate each contribution. The results are shown in Fig. 7 . It is seen that about 2.07 MeV is gained in the energy from the particle-number projection, which shifts down the entire potential energy surface systematically. The projection onto angular momentum J = 0 brings additionally about 1.71 MeV contribution to the energy. The energy gained from shape mixing is around 0.98 MeV. We carry out the same analysis for 190−206 Er, 192−208 Yb, 194−210 Hf, and 196−212 W. The results are displayed in Fig. 8 as a function of neutron number. It is shown that the total dynamic correlation energy ranges between ∼ 3.5 MeV and ∼ 5.5 MeV, with the minimum located at N = 126. For comparison, we also evaluate the dynamic correlation energy using the cranking prescription [22, 42, 58, 59 ]
where the values of parameters b, c, d, l, and β 0 are chosen as 0.80, 10, 2.6, 10, and 0.10 according to Ref. [59] . The E rot represents the rotational correction to the energy
where the moment of inertia I is calculated by the Inglis-Belyaev formula andĴ corresponds to the angularmomentum operator. As expected, the phenomenological formulas (18) underestimates systematically the dynamic correlation energy, in particular for the nuclei around N = 126. It means that the cranking prescription cannot be used for the purpose of study dynamic correlation effects on the neutron separation energies of nuclei around shell closure.
Since the amount of dynamic correlation energy varies from nucleus to nucleus, it affects the predicted twonucleon separation energy. The previous studies for stable nuclei have demonstrated that the two-neutron separation energies are overall improved after taking into account the dynamic correlation energies [14, 15, 22, 23, 35] . In Fig. 9 , we show how the dynamic correlation energy evaluated at different level changes the two-neutron separation energies in the four isotopes. In the mean-field results, an increase in the two-neutron separation energy with neutron number ranging from N = 128 to N = 134 is attributed to deformation effect, which was discussed in Ref. [16] . With the inclusion of dynamic correlations from particle-number projection and angular-momentum projection, the amount of energy dropping in S 2n from N = 126 to N = 128 is dramatically decreased. This effect becomes moderate after taking into account shape mixing in the GCM calculation, in which case, the variation of the two-neutron separation energy with neutron number is much smoother.
We extend the above analysis to the entire Er isotopes. The results of S 2n , together with their differentials are shown in Fig. 10 . The data around N = 82 are available. One can see that the dynamic correlations improve the description of these two quantities for the nuclei around N = 82 significantly. In other words, the prediction with the beyond mean-field correlations on the N = 126 shell gap is expected to be more reliable. The improvement for the nuclei away from shell closure is minor. Figure 11 shows the predicted differential ∆S 2n of twoneutron separation energy at N = 126 as a function of proton number, in comparison with the results from the beyond mean-field calculations using the Gogny force D1M [16] , but without particle-number projection. It is shown that angular-momentum projection decreases the ∆S 2n by about 1.3 MeV in both cases, while particlenumber projection decreases it further by about 1.0 MeV. Different from the prediction by the D1M, the ∆S 2n by the PC-PK1 is decreasing smoothly from ∼ 5.0 MeV to ∼ 4.7 MeV with the decrease of proton number from Z = 74 to Z = 68. Figure 12 summarizes the two-neutron separation energy and its differential at N = 126 predicted by different models. Generally, the predicted absolute value of ∆S 2n by the macroscopic-microscopic models FRDM, WS4, and DZ28 is smaller than those by the energy density functional calculations (except for the results by the Skyrme force SkP [46] ). On the mean-field level, the Gogny force D1S and relativistic energy density functionals DD-ME2 and PC-PK1 predict the largest values for the N = 126 shell gap. For the results by the PC-PK1, the absolute value of ∆S 2n value is decreased by ∼ 1.0 MeV after taking the deformation effect into account. The beyond mean-field correlation effect reduces further the ∆S 2n to be around −5.0 MeV, quenching the shell gap by ∼ 30%.
V. SUMMARY AND PERSPECTIVE
We have presented a comprehensive study of neutronrich Er, Yb, Hf, and W isotopes across the N = 126 shell with a beyond mean-field covariant density functional theory. With the techniques of quantum-number projections and generator coordinate method, we have calculated the observables of low-lying states using the PC-PK1 parameterizations of the relativistic point-coupling Lagrangian density. They are helpful to understand the N = 126 shell gap. In particular, the impacts of dynamic correlation energies on the predicted two-neutron separation energies and their differentials have been studied. The results were compared with the other calculations with macroscopic-microscopic models and nuclear density functional theories on both the mean-field and beyond mean-field levels. Our findings and conclusions are summarized as follows:
• The general features of the low-lying states in closed-shell nuclei are retained in the four isotopes around N = 126. With the increase of neutron number beyond N = 126, quadrupole collectivity is progressively developed, exhibiting a transition from spherical shape to prolate deformed one.
• Most of the nuclear density functional calculations on the mean-field level overestimate the shell gap around magic number N = 82. The beyond meanfield dynamic correlations improve significantly the description of two-neutron separation energies and their differentials around N = 82. These effects quench the shell gap of N = 126 in the four isotopes by ∼ 30%.
• The N = 126 shell gap by the PC-PK1 is smoothly decreasing with the decrease of proton number from Z = 74 to Z = 68. This behavior is consistent with the predictions of most mean-field models, but also in contradiction with others. A further investigation is required to understand the origin of this divergence in the neutron-rich nuclei.
We note that nuclear masses including beyond meanfield dynamical correlations turned out to have a significant effect on the synthesis of heavy elements by the r process, and improve the agreement with observed solar system abundances [60] . It is very interesting to extend the present study with the MR-CDFT for all the nuclear masses relevant for the r process in the future. Work along this direction is in progress.
